Abstract. In this paper, by using the proof method of Xue, Rafiq and Zhou [19] some strong convergence results of multi-step iterative sequence are proved for nearly uniformly L− Lipschitzian mappings in real Banach spaces. Our results generalise and improve some recent results in this area of research.
Introduction
We denote by J the normalized duality mapping from X into 2 x * by
where X * denotes the dual space of real Banach space X and ., . denotes the generalized duality pairing between elements of X and X * . We first recall and define some concepts as follows (see [4] ):
Let K be a nonempty subset of real Banach space X. The mapping T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that
for any x, y ∈ K and ∀n ≥ 1. The mapping T is said to be asymptotically pseudocontractive if there exists a sequence (k n ) ⊂ [1, ∞) with lim n→∞ k n = 1 and for any x, y ∈ K there exists j(x − y) ∈ J(x − y) such that < T n x − T n y, j(x − y) >≤ k n x − y 2 , ∀n ≥ 1.
for all x, y ∈ K and is called generalized Lipschitzian if there exists a constant L > 0 such that
for all x, y ∈ K. A mapping T : K → K is called uniformly L-Lipschitzian if for each n ∈ N , there exists a constant L > 0 such that
for all x, y ∈ K.
It is obvious that the class of generalized Lipschitzian map includes the class of Lipschitz map. Moreover, every mapping with a bounded range is a generalized Lipschitzian mapping.
Sahu [18] introduced the following new class of nonlinear map which is more general than the class of generalized Lipschitzian mappings and the class of uniformly L-Lipschitzian mappings. In fact, he introduced the following class of nearly Lipschitzian: Let K be a non empty subset of a normed space X and let {a n } n≥0 be a sequence in [0, ∞) such that lim n→∞ a n = 0.
Fix a sequence {a n } n≥0 in [0, ∞] with a n → 0 as n → ∞. A mapping T : K → K is called nearly Lipschitzian with respect to {a n } if for each n ∈ N , there exists a constant k n ≥ 0 such that
Observe that for any sequence {k n } n ≥ 1 satisfying (1.1) µ(T n ) ≤ k ∀n ∈ N and that
is called the nearly Lipschitz constant of the mapping T . A nearly Lipschitzian mapping T is said to be (i) nearly contraction if µ(T n ) < 1 for all n ∈ N ; (ii) nearly nonexpansive if µ(T n ) = 1 for all n ∈ N ; (iii) nearly asymptotically nonexpansive if µ(T n ) ≥ 1 for all n ∈ N and lim n→∞ µ(
A nearly Lipschitzian mapping T with sequence {a n } is said to be nearly uniformly
Observe that the class of nearly uniformly L− Lipschitzian mapping is more general than the class of uniformly L− Lipschitzian mappings.
It is obvious that T is not continuous, and thus not Lipschitz. However, T is nearly nonexpansive. Infact, for a real sequence {a n } n ≥ 1 with a 1 = 1 2 and a n → 0 as n → ∞, we have ||T x − T y|| ≤ ||x − y|| + a 1 , ∀x, y ∈ K and
This is because
The class of nearly uniformly L− Lipschitzian is not necessarily continuous.
In recent years, many authors have given much attention to iterative methods for approximating fixed points of Lipschitz asymptotically type nonlinear mappings (see [1-4, 6, 9, 17, 18] ).
Schu [17] proved the following theorem:
Let H be a Hilbert space, K be a nonempty bounded closed convex subset of H and T : K → K be completely continuous, uniformly L-Lipschitzian and asymptotically pseudocontractive mapping with a sequence k n ⊂ [1, ∞) satisfying the following conditions:
) are some positive numbers. For any x 1 ∈ K, let {x n } ∞ n=1 be iterative sequence defined by
Then {x n } ∞ n=1 converges strongly to a fixed point of T in K. In [1] , Chang extended Theorem 1.1 to a real uniformly smooth Banach space and proved the following theorem:
Let E be a real uniformly smooth Banach space, K be a nonempty bounded closed convex subset of E, T : K → K be an asymptotically pseudocontractive mapping with a sequence k n ⊂ [1, ∞) with k n → 1 and F (T ) = φ, where F (T ) is the set of fixed points of T in K. Let {α n } ∞ n=0 be a sequence in [0, 1] satisfying the following conditions:
be the iterative sequence defined by
If there exists a strictly increasing function Φ :
where ρ ∈ F (T ) is some fixed point of T in K, then x n → ρ as n → ∞.
Ofoedu [13] used the modified Mann iteration process introduced by Schu [17] ,
to obtain a strong convergence theorem for uniformly Lipschitzian asymptotically pseudocontractive mapping in real Banach space setting. He proved the following theorem:
Let E be a real Banach space, K be a nonempty closed convex subset of E, T :
be the iterative sequence defined by (1.1).
If there exists a strictly increasing function
for all x ∈ K, then {x n } ∞ n=0 converges strongly to ρ. Obviously, this result extends Theorem 1.2 of Chang [1] from a real uniformly smooth Banach space to an arbitrary real Banach space and removes the boundedness condition imposed on K.
Chang et al. [3] used an Ishikawa iteration sequence to prove a strong convergence theorem for a pair of L− Lipschitzian mappings instead of a single map used in Ofoedu [13] .
Rafiq, Acu and Sofonea [15] , improved the results of Chang et al. [3] in a significant more general context. They then gave an open problem whether their results can be extended for the case of three mappings which are more general than the two maps. Indeed, they proved the following theorem.
be a sequence iteratively defined by
. In [10] , the author established a new result on convergence of the modified Noor iteration for three nearly Lipschitzian mappings. His result extends, improves and unifies a host of recent results. Although, Mogbademu and Xue [9] had earlier obtained a strong convergence theorem for asymptotically generalized Φ− hemicontractive map in real Banach spaces using the iterative sequence generated by this map.
More recently, Xue, Rafiq and Zhou [19] employed an analytical technique to prove the convergent of an Ishikawa and Mann iterations for nonlinear mappings in uniformly smooth real Banach spaces. It is the purpose of this paper, using the style of proof by Xue, Rafiq and Zhou [19] to prove strong convergence theorems of multistep iteration scheme (1.3) for nearly uniformly Lipschitzian mappings in a real Banach space. Our results significantly generalise and improve some recent results of [1-3, 6, 13, 17, 18] in some aspects. For this, we need the following concepts and Lemmas.
The following iteration (see Rhoades and Soltuz [16] ):
is called the multistep iteration sequence, where p ≥ 2 is fixed order, {α n }, {β
Taking p = 3 in (1.3) we obtain the Noor iteration scheme as follows:
where {α n }, {β i n } are sequences in [0, 1] for i = 1, 2. Taking p = 2 in (1.3) we obtain the Ishikawa iteration scheme as follows:
where {α n }, {β 
is called the Mann iteration sequence (see [7] ). We remark that iteration (1.3) generalises the Mann, Ishikawa and Noor iteration sequences. The multistep iteration sequence (1.3) can be viewed as the predictorcorrector methods for solving nonlinear equations in Banach spaces. For the convergence analysis of the predictor-corrector and multistep iteration sequences for solving the variational inequalities and optimization problems (see Noor [11] , Noor et al. [12] ). Lemma 1.1.
[1] Let E be real Banach Space and J : E → 2 E * be the normalized duality mapping. Then,for any x, y ∈ E x + y 2 ≤ x 2 + 2 < y, j(x + y) >, ∀j(x + y) ∈ J(x + y). 
Main results
Theorem 2.1. Let X be a real Banach space, K be a nonempty closed convex subset of X, T : K → K be a nearly uniformly L-Lipschitzian mapping with sequence {a n }. Let sequence k n ⊂ [1, ∞) and n be sequences with lim n→∞ k n = 1, lim n→∞ n = 0 and F (T ) = {ρ ∈ K : T ρ = ρ}. Let {α n } n≥0 and {β 
for all x ∈ K. Then, {x n } n≥0 converges strongly to ρ ∈ F (T ).
Proof. Since there exists a strictly increasing continuous function Φ : [0, ∞) →
[0, ∞) with Φ(0) = 0 such that (2.1)
Choose some x 0 ∈ K and
is the range of Φ. Indeed, if Φ(a) → +∞ as a → ∞, then a 0 ∈ R(Φ); if sup{Φ(a) : a ∈ [0, ∞]} = a 1 < +∞ with a 1 < a 0 , then for ρ ∈ K, there exists a sequence {u n } in K such that u n → ρ as n → ∞ with u n = ρ. Clearly, T u n → T ρ as n → ∞ thus {u n − T u n } is a bounded sequence. Therefore, there exists a natural number n 0 such that
2 for n ≥ n 0 , then we redefine
. This is to ensure that Φ −1 (a 0 ) is well defined. Step 1. We first show that {x n } ∞ n=0 is a bounded sequence. Set R = Φ −1 (a 0 ), then from above (2.2), we obtain that x n − ρ ≤ R. Denote (2.3)
Now, we want to prove that x n ∈ B 1 . If n = 0, then x 0 ∈ B 1 . Now assume that it holds for some n, that is, x n ∈ B 1 . Suppose that, it is not the case, then
8 }. Since lim n→∞ α n , β i n = 0 for i = 1, 2, ..., p − 1 and lim n→∞ k n = 1. Without loss of generality, let 0 ≤ α n , β i n , k n − 1, n ≤ τ 0 for any n ≥ 0. Then, we have the following estimates from (2.1) for i = 1, 2, ..., p − 1.
..., we have
then for y 1 ∈ B 2 . We get
Therefore, we have (2.5)
(2.6)
Using Lemma 1.1 and the above estimates, we have
which is a contradiction. Hence {x n } ∞ n=0 is a bounded sequence. So, {y 1 n }, {y 2 },..., {y p−1 n } are all bounded sequences.
Step 2. We want to prove x n − ρ → 0 as n → ∞. Since lim n→∞ α n , β k n = 0, lim n→∞ k n = 1 and {x n } ∞ n=0 is bounded. From (2.5) and (2.6), we observed that (2.8) lim
So from (2.7), we have (2.9)
By Lemma 1.2, we obtain that
This completes the proof.
Remark 2.1. Theorem 2.1 improve and extends the corresponding results of [1-3, 6, 13, 17, 18] in some aspects. (i) The method of proof of Theorem 2.1 is different from the method given in Chang [1] , Ofoedu [13] and Chang et al. [3] .
(ii) The control conditions (ii)-(iv) in Theorem 2.1 of Chang [1] and that of Ofoedu [13] are replaced by weaker condition lim n→∞ α n = 0. 
for all x ∈ K used by several authors in literature is extended to a more general assumption: there exists a strictly increasing function Φ : [0, ∞) → [0, ∞) with Φ(0) = 0 such that
The iteration sequences used in Chang [1] , Ofoedu [13] Chang et al. [3] and Mogbademu [10] are extended to (1.3).
(vi) The mappings in [1, 3, 9, 13, 15 ] is extended to a more general class of nearly Lipschitzian mappings.
The following reveals that Theorem 2.1 is applicable. Application 2.1. Let X = R, K = [0, 1] and T : K → K be a map defined by
Clearly, T is nearly uniformly Lipschitzian (a n = 1 2 n ) with
1 + nt then, Φ is a strictly increasing function with Φ(0) = 0. For all x ∈ K, ρ ∈ F (T ), we have that operator T in Theorem 2.1 satisfies
with the sequences k n = 1 and n = Remark 2.2. Our results enrich and develop the theory of multi-step iterative sequence introduced by Rhoades and Soltuz [16] .
Taking p = 3 in (1.3), Theorem 2.1 leads to the following corollaries.
Corollary 2.1. Let X be a real Banach space, K be a nonempty closed convex subset of X, T : K → K be a nearly uniformly L-Lipschitzian mapping with sequence {a n }. Let sequence k n ⊂ [1, ∞) and n be sequences with lim n→∞ k n = 1, lim n→∞ n = 0 and F (T ) = {ρ ∈ K : T ρ = ρ}. Let {α n } n≥0 and {β i n } n≥0 , (i = 1, 2) be real sequences in [0, 1] satisfying the following conditions: (i) n≥0 α n = ∞ (ii) lim n→∞ α n , β i n = 0, (i = 1, 2). For arbitrary x 0 ∈ K, let {x n } n≥0 be iteratively defined by (1.4) . If there exists a strictly increasing function Φ : [0, ∞) → [0, ∞) with Φ(0) = 0 such that < T n x − T n ρ, j(x − ρ) >≤ k n x − ρ 2 − Φ( x − ρ ) + n for all x ∈ K. Then, {x n } n≥0 converges strongly to ρ ∈ F (T ).
Taking p = 2 in (1.3), Theorem 2.1 leads to the following results.
Corollary 2.2. Let X be a real Banach space, K be a nonempty closed convex subset of X, T : K → K be a nearly uniformly L-Lipschitzian mapping with sequence {a n }. Let sequence k n ⊂ [1, ∞) and n be sequences with lim n→∞ k n = 1, lim n→∞ n = 0 and F (T ) = {ρ ∈ K : T ρ = ρ}. Let {α n } n≥0 and {β for all x ∈ K. Then, {x n } n≥0 converges strongly to ρ ∈ F (T ).
Corollary 2.3. Let X be a real Banach space, K be a nonempty closed convex subset of X, T : K → K be a nearly uniformly L-Lipschitzian mapping with sequence {a n }. Let sequence k n ⊂ [1, ∞) and n be sequences with lim n→∞ k n = 1, lim n→∞ n = 0 and F (T ) = {ρ ∈ K : T ρ = ρ}. Let {α n } n≥0 be a real sequence in [0, 1] satisfying the following conditions: (i) n≥0 α n = ∞ (ii) lim n→∞ α n = 0.
For arbitrary x 0 ∈ K, let {x n } n≥0 be iteratively defined by (1.6). If there exists a strictly increasing function Φ : [0, ∞) → [0, ∞) with Φ(0) = 0 such that
